This paper studies so-called "null polynomials modulo m", i.e., polynomials with integer coefficients 1 that satisfy f (x) ≡ 0 (mod m) for any integer x. The study on null polynomials is helpful to reduce congruences of higher degrees modulo m and to enumerate equivalent polynomial functions modulo m, i.e., functions over Zm = {0, · · · , m − 1} generated by integer polynomials. The most well-known null polynomial is f (x) = x p − x modulo a prime p.
Introduction
In this paper, we study integer polynomials that satisfy f (x) ≡ 0 (mod m) for any integer x. We call such polynomials "null polynomials modulo m", due to the fact that they generate nothing meaningful modulo p d . Till now, I have not found an existing name of such polynomials. If you know one, please let me know and recommend a paper or book for reference. Thanks in advance for your help.
When p is a prime, there is a most well-known null polynomial modulo p: f (x) = x p − x. However, actually it is not the simplest one, since one should use the Fermat's little theorem to derive that it is a null polynomial modulo p. In my opinion, ∀m ∈ Z, the most simplest null polynomial modulo m is f (x) = m−1 i=0 (x − i). When p is a prime, we have p−1 i=0 (x − i) ≡ x p − x (mod p) [1, Theorem 112] , where "≡" means that the coefficients of the two polynomials are congruent modulo p. However, when m is not a prime, f (x) = m−1 i=0 (x − i) is generally not a null polynomial of the least degree modulo m. For example, when m = p d (d ≥ 2), it is obvious that f (x) = p d−1 (x p − x) is a null polynomial of degree p modulo p d and f (x) = (x p − x) d is a monic null polynomial of degree pd modulo p d . Then, we have a question: can we find the least degree of all (monic) null polynomials modulo any integer m? This paper gives an affirmative answer to this question (Theorems 32 and 33). In addition, it is found that one can enumerate 2 all null polynomials modulo m (see theorems in Sec. 4.5, especially Theorem 34).
The most natural application of a monic null polynomial f (x) modulo m is on the reduction of high-degree congruences modulo m. The null polynomial f (x) = x p − x has been widely used to reduce congruences of degrees > p modulo p before solving them [1, [5] [6] [7] [8] [9] . Another application of the study on null polynomials modulo m is to distinguish and enumerate equivalent polynomials modulo m, i.e., the integer polynomials that induce the same "polynomial functions modulo m" [10] 3 . This is based on a simple theorem (Theorem 35): two integer polynomials f 1 (x) and f 2 (x) are equivalent modulo m if and only if f 1 (x) − f 2 (x) is a null polynomial modulo m. In fact, this research on null polynomials modulo m was stirred by a pervious study on enumerating all distinct permutations modulo m induced from "permutation polynomials modulo m" [12] 4 . The results obtained in this paper can be used to get an exact estimation of the number of distinct permutations modulo p d induced from polynomials of degree n ≥ 2p − 1 modulo p d . More details on the applications of null polynomials for enumerating permutation polynomials modulo p d will be given later in a revised version of [arXiv:math.NT/0509523, 2005]. In addition, we believe that the study on null polynomials modulo p d is useful to reveal some subtle features of the complete systems of polynomial residues modulo a prime and its powers.
It is well-known that permutation polynomials modulo m can be used in cryptography and coding [17] [18] [19] [20] [21] . Apparently, null polynomials modulo m can serve as a tool to analyze the security and performance of the designed ciphers or coding schemes based on permutation polynomials modulo m. For example, the least degree of all null polynomials modulo m gives an upper bound of the number of all coefficients of the permutation polynomials used in cryptography and coding. As shown in Theorem 33 of this paper, when m = p d , the least degree is generally much less than p d , which means that one has to be more careful when using permutation polynomials to design cryptosystems.
This paper is organized as follow. Section 2 gives some preliminary definitions and lemmas, as preparations for future discussions. In Sec. 3, we point out that null polynomials modulo a composite m can be studied via null polynomials modulo each prime power of m. The main body of this paper is Sec. 4, in which we discuss null polynomials modulo a prime and prime powers. In Sec. 4.1, null polynomials modulo p is studied and it is pointed out that f (x) = x p − x is the only monic null polynomial of degree p modulo p. In Sec. 4.2, some trivial results on null polynomials modulo p d (d ≥ 1) are given. Then, when 2 ≤ d ≤ p(p + 1) + 1, null polynomials modulo p d are carefully studied in Sec. 4.3, which forms a basis of the general results for d ≥ 1 given in Sec. 4.4. In Sec. 4.5, it is studied how to enumerate all null polynomials modulo p d , based on the results given in Sec. 4.4.
Preliminaries
This section lists a number of definitions and notations used throughout in this paper. Some preliminary lemmas are also given to simplify the discussions in this paper. I try to keep the definitions, notations and lemmas as simple as possible. Please feel free to contact me if you have some ideas of making them simpler, more elegant, more beautiful, and/or more rigorous in mathematics.
Some Simple Lemmas on Congruences
The three lemmas will be used in this paper without explicit citations.
Lemma 1 (Theorem 2.2 in [5] ) Assume f (x) is an integer polynomial. If x 1 ≡ x 2 (mod m), then f (x 1 ) ≡ f (x 2 ) (mod m).
Lemma 2 If a ≡ 0 (mod m 1 ) and b ≡ 0 (mod m 2 ), then ab ≡ 0 (mod m 1 m 2 ).
Proof : From a ≡ 0 (mod m 1 ) and b ≡ 0 (mod m 2 ), there exist k 1 , k 2 ∈ Z such that a = k 1 m 1 and b = k 2 m 2 . So, ab = k 1 k 2 m 1 m 2 ≡ 0 (mod m 1 m 2 ).
The most frequently used form of the above lemma is as follows: if f 1 (x) and f 2 (x) are null polynomials modulo p d1 and p d2 , respectively, then f 1 (x)f 2 (x) is a null polynomial modulo p d1d2 . See Sec. 2.5 for the formal definition of "null polynomials modulo m". Lemma 3 Assume A is an n × n matrix, X is a vector of n unknown integers, and B is a vector of n integers. If |A| is relatively prime to m, i.e., gcd(|A|, m) = 1, then AX ≡ B (mod m) has a unique set of incongruent solutions X ≡ ∆(adj(A))B (mod m), where ∆ is an inverse of ∆ = |A| modulo m and adj(A) is the adjoint of A.
Proof : This lemma is a direct result of Theorem 3.18 in [7] (see pages 151 and 152).
Polynomial Congruences Modulo m
The following definition is from Chap. VII of [1] and related concepts are slightly extended. Definition 1 Given two integer polynomials of degree n: f (x) = a n x n +· · ·+a 1 x+a 0 and g(x) = b n x n +· · ·+b 1 x+b 0 , if ∀i = 0 ∼ n, a i ≡ b i (mod m), we say f (x) is congruent to g(x) modulo m, or f (x) and g(x) are congruent (polynomials) modulo m, which is denoted by f (x) ≡ g(x) (mod m). On the other hand, if ∃i ∈ {1, · · · , n}, such that a i ≡ b i (mod m), we say f (x) and g(x) are incongruent (polynomials) modulo m, denoted by f (x) ≡ g(x) (mod m).
Definition 2 A polynomial congruence (residue) class modulo m is a set of all polynomials congruent to each other modulo m.
Definition 3 A set of polynomials of degree n modulo m is a complete system of polynomial residues of degree n modulo m, if for every polynomial of degree n modulo m there is one and only one congruent polynomial in this set.
Lemma 4
The following set of polynomials is a complete system of polynomial residues of degree n modulo m:
Proof : Assume f (x) = a n x n + · · · + a 1 x + a 0 is a polynomial of degree n modulo m. Choose a * i = (a i mod m) ∈ {0, · · · , m − 1} (i = 0 ∼ n), then f * (x) = a * n x n + · · · + a * 1 x + a * 0 ∈ F is congruent to f (x). Assume that another polynomial g(x) = b n x n + · · · + b 1 x + b 0 ∈ F is also congruent to f (x). Then, ∀i = 0 ∼ n, b i ≡ a * i (mod m). Since {0, · · · , m − 1} is a complete set of residues modulo m, b i = a * i . This means that g(x) = f * (x). This completes the proof of this lemma.
Definition 4 A set of polynomials of degree ≤ n modulo m is a complete system of polynomial residues of degree ≤ n modulo m, if for every polynomial of degree ≤ n modulo m there is one and only one congruence polynomial.
Lemma 5
F[x] = {f (x) = a n x n + · · · + a 1 x + a 0 |a n , a n−1 , · · · , a 0 ∈ {0, · · · , m − 1} } .
Proof : The proof is similar to the above lemma.
Polynomial Functions Modulo m
Definition 5 If a function over {0, · · · , m − 1} can be represented by a polynomial modulo m, we say this function is polynomial modulo m. Lemma 6 Assume p is a prime. Then, any function over {0, · · · , p − 1} is polynomial modulo p.
Proof : Assume f (x) = a n x n + · · · + a 1 x + a 0 is a polynomial of degree n ≥ p − 1 modulo p. Given a function F : {0, · · · , p − 1} → {0, · · · , p − 1}, one has the following system of congruences:
Since the matrix at the left side is a Vondermonde matrix, one can see its determinant is relatively prime to p. So, for each combination of a p , · · · , a n , there is a unique set of incongruent solutions of a 0 , · · · , a p−1 . Thus this lemma is proved.
Equivalent Polynomials Modulo m
The concept of equivalent polynomial modulo m is used to describe incongruent but equivalent (for any integer) polynomials modulo m.
Definition 6
Two integer polynomials f (x) and g(x) are equivalent (polynomials) modulo m if ∀x ∈ Z, f (x) ≡ g(x) (mod m). In other words, two polynomials are equivalent modulo m if they derive the same polynomial function modulo m.
Note that two equivalent polynomials modulo m may not be congruent modulo p, and may have distinct degrees. As a typical example, when p is a prime, f (x) = x p and g(x) = x are equivalent polynomials modulo p.
Lemma 7 Two polynomials of degree 1 modulo m, f (x) = a 1 x + a 0 and g(x) = b 1 x + b 0 , are equivalent polynomials modulo m if and only if f (x) ≡ g(x) (mod m), i.e., a 1 ≡ b 1 (mod m) and a 0 ≡ b 0 (mod m).
Proof : The "only if" part is obvious from the definition of equivalent polynomials modulo m, so we focus on the "if" part. Since f (x) and g(x) are equivalent polynomials modulo m, then ∀x ∈ {0, · · · , m − 1}, f (x) − g(x) = (a 1 − b 1 )x + (a 0 − b 0 ) ≡ 0 (mod m). Choosing x ≡ 0 (mod m), one has a 0 ≡ b 0 (mod m). Then, choosing x ≡ 1 (mod m), one has a 1 ≡ b 1 (mod m). Thus this lemma is proved.
Lemma 8
Two polynomials, f (x) = a n1 x n1 + · · · + a 0 and g(x) = b n2 x n2 + · · · + b 0 , are equivalent polynomials modulo m, then a 0 ≡ b 0 (mod m).
Proof : Choosing x = 0, one has f (x) − g(x) = a 0 − b 0 ≡ 0 (mod m). This lemma is proved.
Corollary 1
Two polynomials, f (x) = a n x n + · · · + a 2 x 2 + a 0 and g(x) = a n x n + · · · + a 2 x 2 + b 0 , are equivalent polynomials modulo m if and only if a 0 ≡ b 0 (mod m).
Lemma 9
Assume p is a prime and d ≥ 1. Two polynomials, f (x) = a p−1 x p−1 + · · · + a 0 and g(x) = b p−1 x p−1 + · · · + b 0 , are equivalent polynomials modulo p d if and only if f (x) ≡ g(x) (mod p d ).
Proof : The "only if" part is obvious true, from the definition of equivalent polynomials modulo p d . So, we focus on the "if" part only. From f (x) − g(x) ≡ 0 (mod p d ), choosing x = 0 ∼ p − 1, one can get the following system of congruences in the matrix form
. . .
Since A is a Vandermonde sub-matrix, one can get |A| = 0≤i<j≤p−1 (j − i) [22, §4.4] . From p is a prime and 1 ≤ (j − i) ≤ p − 1, one has gcd(|A|, p d ) = 1. Thus, the above system of congruences has a unique set of incongruent solutions. So, ∀i = 0 ∼ p − 1, one has a i ≡ b i (mod p d ). This completes the proof of this lemma.
Note that in the above lemma f (x) and g(x) may be polynomials of degree less than p − 1 modulo p d . In this case, the matrix at the left side of the system of congruences may have a smaller size, but its determinant is still relatively prime to p d .
Corollary 2 Assume p is a prime. Two polynomials, f (x) = a n x n + · · · + a 0 and g(x) = b n x n + · · · + b 0 , are equivalent polynomials modulo p if and only if (f (x) mod (x p − x)) ≡ (g(x) mod (x p − x)) (mod p).
Proof : This corollary is a direct result of the above lemma and Fermat's Little Theorem.
Null Polynomials modulo m
. Specially, f (x) = 0 is a trivial null polynomial of degree 0 modulo m.
In the following, we give some simple lemmas on null polynomials modulo m. The proofs of the lemmas are very simple, so they are omitted here.
Lemma 10 If f (x) = a n x n + · · · + a 1 x + a 0 is a null polynomial modulo m, then a 0 ≡ 0 (mod m).
Lemma 11
Given any null polynomial f (x) modulo m, af (x) will still be a null polynomial modulo m, where a is an arbitrary integer.
Lemma 12 A polynomial f (x) is a null polynomial modulo m, if and only af (x) is a null polynomial modulo m, where gcd(a, m) = 1.
Lemma 13 If f (x) is a null polynomial modulo m and a | m, then f (x) is still a null polynomial modulo a.
The most frequently used form of the above lemma is as follows: if f (x) is a null polynomial modulo p d , then f (x) is still a null polynomial modulo p i for any integer i ≤ d.
Definition 8
Denote the least integer n ≥ 1 such that there exists a null polynomial of degree n modulo m by ω 0 (m) and call it the least null-polynomial degree modulo m. Denote the least integer n ≥ 1 such that there exists a monic null polynomial of degree n modulo m by ω 1 (m) and call it the least monic null-polynomial degree modulo m. A (monic) null polynomial of degree ω 0 (m) or ω 1 (m) is called a least-degree (monic) null polynomial modulo m.
Lemma 14 Every polynomial of degree ≥ ω 1 (m) modulo m has one equivalent polynomial of degree ≤ ω 1 (m) − 1 modulo m.
Proof : It is a direct result of the following two fact that there exists a monic null polynomial of degree ω 1 (m) modulo m.
Definition 9 Assume p is a prime and d ≥ 1. If f (x) is a null polynomial modulo p i for any integer i ≤ d but not a polynomial modulo p d+1 , we say f (x) is a null polynomial modulo p up to order d and d is the order of the null polynomial f (x) modulo p. Note that f (x) is a null polynomial modulo p d can ensure that f (x) is a null polynomial modulo p i for any integer i ≤ d. Proof : It is a direct result of the Chinese remainder theorem.
Theorem 2 Assume p 1 , · · · , p r are r distinct prime numbers, d 1 , · · · , d r ≥ 1 and m = r i=1 p di i . If f 1 (x), · · · , f r (x) are null polynomials of degree n 1 , · · · , n r modulo p d1 1 , · · · , p dr r , respectively, then there exists one and only one null polynomial f (x) of degree D = max r i=1 (d i ) modulo m in each complete system of polynomial residues modulo m, such that f (x) ≡ f i (x) (mod p di i ) holds for i ∈ {1, · · · , r}.
Proof : Applying the Chinese remainder theorem on each coefficient of the r polynomials 5 , one can immediately prove this theorem.
Proof : From the above theorem, one can find a (monic) null polynomial of degree D modulo m, so ω(m) ≤ D.
Next, assume there exists another (monic) null polynomial g(x) of degree ≤ D − 1 modulo m. Then, g(x) is also a (monic) null polynomial modulo each p di i . This means max r i=1 (ω(p di i )) ≤ D − 1. We get a contradiction, so ω(m) = D. This theorem is thus proved.
With the above theorem, the composite case can be handled easily by handling the r prime power cases.
Proof : This corollary is a direct result of the above theorem.
Null Polynomials modulo p d (d ≥ 1)
In this section, the following questions are focused.
1. What are the values of ω 0 (p d ) and ω 1 (p d ), i.e., the smallest integer n such that there exists at least one (monic) null polynomial modulo p d ?
2. What is the number of (monic) null polynomials of degree n modulo p d ?
3. Is it possible to enumerate all incongruent (monic) null polynomials of degree n modulo p d ?
Null Polynomials modulo p
Theorem 4 Assume p is a prime. Then, ω 0 (p) = ω 1 (p) = p.
Proof : It is a direct result of Lemma 9, since any two equivalent polynomials of degree ≤ p − 1 modulo p are congruent modulo p and f (x) = x p − x is a null polynomial modulo p.
Theorem 5 Assume p is a prime and F (x) is a null polynomial of degree p modulo p.
is an arbitrary polynomial modulo p.
Proof : The "only if" part is obviously true. Let us prove the "if" part. Dividing f (x) by F (x), one can get
is a null polynomial modulo p, r(x) is also a null polynomial modulo p. From Lemma 9, r(x) is congruent to zero polynomial modulo p. Thus, f (x) ≡ F (x)q(x) (mod p). Thus, this theorem is proved.
From the above theorem, one can enumerate all null polynomials of degree n ≥ p modulo p. Proof : It is a direct result of the above theorem, since x p − x is a null polynomial modulo p.
Corollary 5 Assume p is a prime and f (x) is a null polynomial of degree p modulo p, then f (x) ≡ a(x p − x) (mod p), where gcd(a, p) = 1. That is, x p − x is the only one monic null polynomial modulo p.
Proof : It is a direct result of the above theorem. Note that f (x) congruent to zero polynomial modulo p if gcd(a, p) > 1, i.e., a ≡ 0 (mod p).
Remark 1 Note that the above corollary is generally proved in number theory via Lagrange's Theorem. Since Lemma 9 and Theorem 4 do not depend on the Lagrange's Theorem, so we give an independent proof of the wellknown result. Note that Wilson's Theorem can be derived from this corollary by choosing x = 0.
Definition 10 In the following of this paper, to facilitate the discussion, define
). This special polynomial will be frequently used to derive some important results.
actually forms a reduced system of residues modulo p.
Proof : From the above lemma, one has
Yet another form of the above theorem is as follows.
Theorem 7 Assume p is a prime. Then, ∀x ∈ Z,
The above theorem is very important as a basic feature of F p (x) to generalize the results modulo p to modulo any power of p.
Null Polynomials modulo p d (d ≥ 1): Some Trivial Results
This subsection gives some trivial results on null polynomials modulo p d , some of which (especially Corollary 8) will be frequently cited later to get some more important results.
From the above theorem, one can see that ω 0 (p d ) is trivial for studying null polynomial modulo p d . So in following we will focus on ω 1 (p d ) only. At first, we introduce some preliminary lemmas for further discussions. They will be cited later without explicit citations.
Lemma 16 Assume p and d ≥ 1. If f (x) = a n x n + · · · + a 1 x is a null polynomial of degree < ω 1 (p d ) modulo p d , then one of the following results holds:
where gcd(a, p) = 1, i ∈ {1, · · · , d} and f * (x) is a monic null polynomial modulo
can be any polynomials. When f (x) ≡ 0 (mod p d ), assuming p ∤ a n , then gcd(a n , p) = 1, so there exists an inverseā n such thatā n a n ≡ 1 (mod p d ).
Multiplying f (x) byā n , one gets a monic null polynomial f * (x) = x n + · · · +ā n a 1 x modulo p d . This conflicts with the fact n < ω 1 (p d ). So p | a is always true and one has a n = ap i , where gcd(a, p) = 1 and i ∈ {1, · · · , d − 1}.
Choosing f * (x) = This proves this lemma.
Proof : It is a direct result of the above lemma.
Proof : We use induction on n to prove this lemma.
This proves the case of n = 1. Assume this lemma is true for any integer ≤ n−1, let us prove the case of n ≥ 2.
are both null polynomial modulo p dn , r n (x) is also a null polynomial modulo p dn . Considering r n (x) is of degree less than ω 1 (p dn ), one has r n (x) ≡ pr * n (x) (mod p dn ) and then r n (x) ≡ pr (1) n (x) + p dn r (2) n (x) ≡ pr * * n (x) (mod p d ), where r * * n (x) is a null polynomial of degree less than ω 1 (p dn ) modulo p dn−1 . Then, applying the hypothesis on r * * n (x), the case of d ≥ 2 is proved.
Explain: The above corollary is a direct result of Lemma 17. This corollary makes it possible to use induction on d to derive null polynomials modulo p d from null polynomials modulo lower prime powers p, · · · , p d−1 .
Lemma 18 Assume p is a prime and d ≥ 1.
Null Polynomials modulo p d : The Case of 2 ≤ d ≤ p(p + 1) + 1
In this subsection, we study the case of 2 ≤ d ≤ p(p + 1) + 1. The results obtained on these special cases lead to a recursive way to handle the general case of d ≥ 1 (as shown in next subsection).
The Case of
is a null polynomial modulo p and q * 0 (x), q * 1 (x) can be any integer polynomials.
Proof : The "only if" part is obviously true, so we focus on the "if" part.
From
Combining the above results, one can see that both q 1 (x) and q 0 (x) are null polynomials modulo p. However, since q 0 (x) is a null polynomial of degree less than p, one immediately gets q 0 (x) ≡ 0 (mod p) and then pq 0 (
, where q * 0 (x) and q * 1 (x) can be any integer polynomials (without the limit on the degree modulo p 2 ). This completes the proof of this lemma.
Remark 2 In the above lemma, the two different representations of the necessary and sufficient conditions of
, is better to show the law basic law behind the result and to organize the proof; while the second one,
, is better to enumerate all null polynomials modulo p 2 . In the following of this section, we continue to adopt the two representations simultaneously.
Lemma 20 Assume p is a prime, then ω 1 (p 2 ) = 2p.
Proof : From the above lemma, to get a monic null polynomial modulo p 2 , it is obvious that q 1 (x) ≡ 0 (mod p).
Since the least degrees of q 1 (x) and F p (x) are both p, the least degree of f (x) is p + p = 2p, i.e., ω 1 (p 2 ) = 2p, where note that f 1 (x) is a monic polynomial modulo p 2 if q 1 (x) is a monic polynomial modulo p 2 . This completes the proof of this lemma.
are any polynomials of degree less than p modulo p d and q d (x) is any polynomial of any degree modulo p.
Proof : The "only if" part is obviously true, so we only prove the "if" part via induction on d.
When d = 2, this theorem has been proved above. Let us use induction on d to prove the case of 3 ≤ d ≤ p, under the assumption that this theorem is true for all integers not greater than d − 1.
Apparently, the hypothesis means that ω 1 (p c ) = pc when c < d. Then, from Corollary 8, one has f (
where i is any integer and j ∈ {0, · · · , p − 1}. One can see that {ip + j} forms a completes system of residues modulo p d when i runs through a complete system of residues modulo p d−1 . Substituting
. Choosing i ≡ 0 (mod p), one gets q 0 (j) ≡ 0 (mod p) for any j. Considering the degree of q 0 (x) is less than p, q 0 (x) ≡ 0 (mod p) ⇒ p d−1 q 0 (x) ≡ 0 (mod p d ), so this term can be removed. The congruence is simplified to be 1 n=d−1 (−i) n q n (j) ≡ 0 (mod p). To solve the value of each q n (j) when n ≥ 1, consider the polynomial
Since h j (x) ≡ 0 (mod p) holds for any integer x and j ∈ {0, · · · , p − 1}, one immediately has (−1) n q n (j) ≡ 0 (mod p) and then q n (j) ≡ 0 (mod p) for all values of n ≥ 1 and j ∈ {0, · · · , p − 1}. Thus, finally we get the result that q 1 (x), · · · , q d−1 (x) are all null polynomials modulo p. Since the first d − 2 polynomials are of degree less than p, one immediately has q n (x) ≡ pq * n (x) (mod p d ). The last polynomial is of any degree, so
. Thus, the case of 3 ≤ d ≤ p is proved and the proof of this theorem is also completed.
Theorem 10 Assume p is a prime and 2 ≤ d ≤ p. Then, ω 1 (p d ) = pd.
Proof : It is a direct result of the above theorem, since the least degree of q * d (x) corresponding to a monic null polynomial modulo p d is 0.
The Case of d = p + 1
Theorem 11 Assume p is a prime. A polynomial f (x) is a null polynomial modulo p p+1 , if and only if the following conditions hold simultaneously:
is any polynomial of any degree modulo p p+1 and
Proof : At first, let us prove the "if" part.
Since
. Assuming x = ip + j, where i runs through a complete system of residues modulo p p and j ∈ {0, · · · , p − 1}. Substituting
Choosing i ≡ 0 (mod p), one immediately gets q 0 (j) ≡ 0 (mod p), which means that p p q 0 (x) ≡ 0 (mod p p+1 ), so this term can be removed. Next, for a given value of j, to solve each of other q n (j), one has the following system of congruences:
. Write the p − 1 congruences as the matrix form after moving (−i) p q p (j) to the right side as follows, 
Since the matrix at left side is a Vondermande matrix, one can see that its determinant is relatively prime to p. So, for any value of q p (j), there exists a unique set of incongruent solutions of {(−1) n q n (j)} 1≤n≤p−1 modulo p.
That is, there is a unique set of incongruent solutions to {q n (j)} 1≤n≤p−1 modulo p. Since every function over {0, · · · , p − 1} corresponds to a unique polynomial of degree ≤ p − 1 modulo p, there exists a unique polynomial q n (x) (1 ≤ n ≤ p − 1) of degree ≤ p − 1 modulo p, for each distinct polynomial q p (x) modulo p.
The "only if" part can be easily proved since 1 n=p−1 (−i) n q n (j) ≡ iq p (j) (mod p) actually means f (x) ≡ 0 (mod p p+1 ). Thus, this theorem is proved.
Yet another form of the above theorem is as follow, in which the free polynomial becomes q 1 (x).
Theorem 12 Assume p is a prime. A polynomial f (x) is a null polynomial modulo p p+1 , if and only if the following conditions hold simultaneously:
, · · · , q p−1 (x) are polynomial of degree less than p modulo p p+1 ;
• q 1 (x) is any polynomial of degree less than p modulo p p+1 and 2 n=p (−i) n q n (j) ≡ −iq 1 (j) (mod p) holds for i = ⌊x/p⌋ and j = x mod p.
Proof : In the proof of the above theorem, moving −q 1 (j) to the right side of the congruence, one has 
It is obvious that the determinant of the matrix at the left side is still relatively prime to p, so there is a unique solution to each value of q 1 (j). Thus, this theorem is true.
Theorem 13 In the above theorems, 1) q 1 (x) or q p (x) uniquely determines the polynomial functions derived from all other p − 1 polynomials modulo p; 2) if q 1 (x) or q p (x) is of degree 0, all other p − 1 polynomials are of degree 0; 3) q 1 (j) ≡ 0 (mod p) ⇔ q p (j) ≡ 0 (mod p) and q 1 (j) ≡ 0 (mod p) ⇔ q p (j) ≡ 0 (mod p).
Proof : The proof of this theorem is actually included in the proof of the above theorem.
Remark 3 Specially, when q 1 (x) or q p (x) is a null polynomial modulo p, all polynomials are null polynomials modulo p. In this case, f (x) ≡ 1 n=p+1 p p+1−n (F p (x)) n q * n (x) (mod p p+1 ), where q * 1 (x), · · · , q * p (x) are any polynomials of degree less than p modulo p p+1 and q * p+1 (x) is any polynomial of any degree modulo p p+1 . However, null polynomials in this form are not least-degree null polynomials modulo p p+1 .
Theorem 14 Assume p is a prime, then ω 1 (p p+1 ) = p 2 .
Proof : From the above theorem, to get a monic null polynomial modulo p p+1 , it is obvious that q p (x) ≡ 0 (mod p).
Since the least degree of q p (x) is 0 and the degree of (F p (x)) p is p 2 , the least degree of f (x) is also p 2 , i.e., ω 1 (p p+1 ) = p 2 , where note that f (x) is a monic polynomial modulo p 3 if q p (x) is a monic polynomial modulo p p+1 . This theorem is thus proved.
Example 1 When p = 2, find a monic null polynomial of degree ω 1 (2 3 ) = 2 2 = 4 modulo 2 3 .
Solution: In this case, only one congruence is left: Example 2 When p = 3, find a monic null polynomial of degree ω 1 (3 4 ) = 3 2 = 9 modulo 3 4 . Solution: Choosing q 3 (x) = 1, the system of congruences becomes
Solving this system of congruences, one has q 1 (j) ≡ 2 (mod p) and q 2 (j) ≡ 0 (mod p) for any integer j. So, choosing q 1 (x) = 2 and q 2 (x) = 0, one gets a null polynomial f ( Next, we give a least-degree monic null polynomial modulo p p+1 by combining F p (x) directly, without solving the system of congruences.
The following theorem ensures that this polynomial is a least-degree monic null polynomial modulo p p+1 , which plays an important role to construct least-degree monic null polynomials modulo p d , together with F p (x), the null polynomial modulo p.
Theorem 15 Assume p is a prime and d ≥ 2. Then, F p,p+1 (x) is a least-degree monic null polynomial modulo p p+1 .
is a null polynomial modulo p and then F p,p+1 (x) is a null polynomial modulo p p+1 . Considering that deg(F p,p+1 (x), p p+1 ) = ω 1 (p p+1 ) = p 2 , this theorem is thus proved.
Lemma 21 Assume p is a prime. Then, ∀i, x ∈ Z, ⌊(ip 2 + x)/p⌋ ≡ ⌊x/p⌋ (mod p).
Proof : It is easy to prove this lemma as follows: ⌊(ip 2 + x)/p⌋ = ⌊ip + x/p⌋ = ip + ⌊x/p⌋ ≡ ⌊x/p⌋ (mod p).
Lemma 22
Assume p is a prime. Then, ∀i, j, x ∈ Z, ⌊jΛ(ip 2 + x)/p⌋ ≡ ⌊jΛ(x)/p⌋ (mod p).
Proof : One has jΛ(ip 2 + x) = j 0≤k≤p−1 k ≡ip 2 +x (mod p)
is the sum of all terms in Λ(ip 2 + x) that can be divided by p 2 . Then, from the above lemma, one immediately prove ⌊jΛ(ip 2 + x)/p⌋ ≡ ⌊jΛ(x)/p⌋ (mod p).
Theorem 16 Assume p is a prime. Then, ∀i ∈ Z and ∀j 0 , j 1 ∈ {0, · · · , p − 1},
Proof : Assuming x = ip 2 + j 1 p + j 0 , similar to the proof of the above theorem, one has
Then,
. This immediately proves this theorem.
From the above theorem, one can easily derive the following corollaries.
Corollary 9 Assume p is a prime. Then, ∀j ∈ {0, · · · , p 2 −1}, Fp,p+1(ip 2 +j) p p+1 forms a complete system of residues modulo p when i runs through a complete system of residues modulo p.
Corollary 10 Assume p is a prime. Then, ∀i ∈ Z and ∀j ∈ {0, · · · , p 3 − 1},
forms a periodic function modulo p of period p 3 .
Corollary 11 Assume p is a prime. Then, ∀i ∈ Z and ∀j ∈ {0, · · · , p − 1},
The Case of
where q * 1 (x), · · · , q * p+1 (x) are any polynomials of degree less than p modulo p p+2 and q * p+2 (x) is any polynomial of any degree modulo p p+2 .
Proof : The "only if" part is obvious, so we only prove the "if" part.
From Corollary 8, one has f (x) ≡ F p,p+1 (x)q p+1 (x) + 0 n=p−1 p p+1−n (F p (x)) n q n (x) (mod p p+2 ), where q 0 (x), · · · , q p−1 (x) are polynomials of degree less than p modulo p p+2 . Assuming x = ip + j, where j ∈ {0, · · · , p − 1} and i runs through a complete system of residues modulo p p+1 .
q p+1 (j) + 0 n=p−1 (−i) n q n (j) ≡ 0 (mod p). Choosing i = 0, one has F p,p+1 (j) = 0 and 1 n=p−1 (−i) n q n (x) ≡ 0 (mod p), so q 0 (j) ≡ 0 (mod p). Then, removing q 0 (j) from the congruence, one has
q p+1 (j) (mod p). From Theorem 27, choosing i 1 ≡ i 2 (mod p), one has
(mod p). Then, one has (i 1 − i 2 )q p+1 (j) ≡ 0 (mod p), which immediately leads to the fact that q p+1 (j) ≡ 0 (mod p) and q 1 (j) ≡ · · · ≡ q p−1 (j) ≡ 0 (mod p) hold for any integer j ∈ {0, · · · , p − 1}. That is, all the p polynomials are null polynomials modulo p. In a similar way used in above proofs, we can write each polynomial as two parts, and then prove this lemma.
Lemma 24 Assume p is a prime, then ω 1 (p p+2 ) = p(p + 1).
Proof : From the above lemma, choosing q p+2 (x) = 1, this lemma is thus proved. 
where q 1 (x), · · · , q p+d (x) are any polynomials of degree less than p modulo p p+1+d and q p+1+d (x) is any polynomial of any degree modulo p p+1+d .
Proof : The "only if" part is obvious. We use induction on d to prove the "if" part. When d = 1, this theorem has been proved in the above lemma. Under the assumption that this theorem is true for any integer less than d, let us prove the case of d ≥ 2.
Note that this theorem means that ∀1 ≤ n ≤ d−1, ω 1 (p p+1+n ) = p(p+n), so F p,p+1 (x)(F p (x)) n is a least-degree monic null polynomial modulo p p+1+n . Then, from Corollary 8, one has
where except q 0 (x), · · · , q p+d−1 (x) are of degree less than p.
Assuming x = ip + j, where j ∈ {0, · · · , p − 1} and i runs through a complete system of residues modulo p p+1 .
forms a complete system of residues modulo p. This means
due to the same reason given in the proof of Theorem 9, one has q 0 (j) ≡ · · · ≡ q p+d (j) ≡ 0 (mod p). That is, q 0 (x), · · · , q p+d (x) are all null polynomials modulo p. Noticing that q p+d (x) = F p (x)q * p+d+1 (x) + pq * p+d (x) and q n (x) = pq * n (x) when 0 ≤ n ≤ p + d − 1, one can prove this theorem.
Theorem 18 Assume p is a prime and p + 2 ≤ d ≤ 2p + 1, then ω 1 (p d ) = p(d − 1).
Proof : From the above theorem, choosing q d (x) = 1, this theorem is thus proved.
The Case of d = 2p + 2
Apparently, the case of d = 2p + 2 is an analog of the case of d = p + 1. The following theorems can be easily obtained via the same way as above, so the proofs are omitted here.
Theorem 19 Assume p is a prime and 1 ≤ d ≤ p. A polynomial f (x) is a null polynomial modulo p 2p+2 , if and only if
• q * 1 (x), · · · , q * p (x) are any polynomials of degree less than p modulo p 2p+2 ; • q 2p+1 (x) is any polynomial of any degree and q p+1 (x), · · · , q 2p (x) polynomials of degree less than p modulo p 2p+2 that satisfy 0 n1=p−1 (−i) n1 q p+1+n1 (j) ≡ iq 2p+1 (j) (mod p) for i = ⌊x/p⌋ and j = x mod p.
Theorem 20 Assume p is a prime, then ω 1 (p 2p+2 ) = 2p 2 .
Corollary 12 Assume p is a prime. If f (x) is a least-degree monic null polynomial modulo p p+1 , then (f (x)) 2 is a least-degree monic null polynomial modulo p 2p+2 .
Remark 4 Specially, (F p,p+1 (x)) 2 is a least-degree monic null polynomial modulo p 2p+2 .
The Case of 1 ≤ d ≤ p(p + 1)
Generalizing the above procedure until d = p(p + 1), one has the following theorems. 
where all q-polynomials but the highest one in A p,k−1,p,0 (x) is of degree less than p modulo p d(p+1) , and the qpolynomials in A p,k−1,p,0 (x) satisfy 0 n k−1 =p−1 (−i) n k−1 q k−1,n k−1 (j) ≡ iq k−1,p (j) (mod p) for i = ⌊x/p⌋ and j = x mod p. Specially, (F p,p+1 (x)) k is a least-degree monic null polynomial modulo p k(p+1) .
Theorem 22 Assume p is a prime, k(p + 1) < d < (k + 1)(p + 1) and
where all q-polynomials but the highest one in A p,k−1,p,0 (x) is of degree less than p modulo p d(p+1) , and all the q-polynomials are null polynomials modulo p.
Theorem 23 Assume p is a prime and 1 ≤ d ≤ p(p + 1), then
The above theorems can be proved via a complicated induction on k ≥ 1: from d = (k−1)(p−1) to (k−1)(p−1) < d < k(p − 1) and then to d = k(p − 1), and finally to k(p − 1) < d < (k + 1)(p − 1). Since we will give a similar proof on the general case of d ≥ 1 later, the proofs of the above theorems are omitted here. 
where all q-polynomials are of degree less than p modulo p d(p+1) , Q(x) ≡ 1 (mod p), the q-polynomials in A p,1,p,0 (x) satisfy 0 n1=p−1 (−i) n1 q k−1,n1 (j) ≡ 1 (mod p) for i = ⌊x/p⌋ and j = x mod p, and all other q-polynomials are null polynomials modulo p.
Theorem 25 Assume p is a prime, then ω 1 (p p(p+1) ) = ω 1 (p p(p+1)+1 ) = p 3 .
Definition 14
Using the same way of defining F p,p+1 (x), we have
Theorem 26 Assume p is a prime. Then, F p,p(p+1)+1 (x) is a least-degree monic null polynomial modulo p p(p+1)+1 .
Proof : The same as the proof of Theorem 15.
Lemma 25 Assume p is a prime. Then, ∀i 1 , i 2 , j 1 , j 2 ∈ Z, ⌊⌊(i 1 p 3 + j 1 )/p⌋(i 2 p 2 + j 2 )/p⌋ ≡ ⌊⌊j 1 /p⌋j 2 /p⌋ (mod p).
Proof : One has ⌊⌊(i 1 p 3 + j 1 )/p⌋(i 2 p 2 + j 2 )/p⌋ = ⌊⌊i 1 p 2 + j 1 /p⌋(i 2 p + j 2 /p)⌋ = ⌊(i 1 p 2 + ⌊j 1 /p⌋)(i 2 p + j 2 /p)⌋ = ⌊i 1 i 2 p 3 + i 1 j 2 p + i 2 p⌊j 1 /p⌋ + ⌊j 1 /p⌋j 2 /p⌋ = i 1 i 2 p 3 + i 1 j 2 p + i 2 p⌊j 1 /p⌋ + ⌊⌊j 1 /p⌋j 2 /p⌋ ≡ ⌊⌊j 1 /p⌋j 2 /p⌋ (mod p).
Lemma 26 Assume p is a prime. Then, ∀i 1 , i 2 , j 1 , j 2 ∈ Z, ⌊⌊Λ(i 1 p 3 + j 1 )/p⌋Λ(i 2 p 2 + j 2 )/p⌋ ≡ ⌊⌊Λ(j 1 )/p⌋Λ(j 2 )/p⌋ (mod p) and ⌊Λ(i 1 p 2 + j 1 )/pΛ(i 2 p 2 + j 2 )/p⌋ ≡ ⌊Λ(j 1 )/pΛ(j 2 )/p⌋ (mod p).
Proof : This lemma can be proved in a similar to Lemma 22, based on the above lemma.
Theorem 27 Assume p is a prime. Then, ∀i ∈ Z and ∀j 0 , j 1 , j 2 ∈ {0, · · · , p − 1},
≡ −(i+⌊j 2 Λ(j 1,0 )Λ(j 2,1 )/p⌋+⌊⌊j 1 Λ(j 1,0 )/p⌋Λ(j 2,1 )/p⌋) (mod p), where j 1,0 = j 1 p+j 0 and j 2,1 = (j 2 p+j 1 )Λ(j 1 p+j 0 ).
Proof : Assuming
. Then, assuming x 1 = (ip 2 +
. Then, from the above lemma, one has
Thus this theorem is proved.
Corollary 13 Assume p is a prime. Then, ∀j ∈ {0, · · · , p 3 − 1},
forms a complete system of residues modulo p when i runs through a complete system of residues modulo p.
Corollary 14 Assume p is a prime. Then, ∀i ∈ Z and ∀j ∈ {0, · · · , p 4 − 1},
i.e.,
forms a function modulo p of period p 4 .
Corollary 15 Assume p is a prime. Then, ∀i ∈ Z and ∀j ∈ {0, · · · , p − 1},
Observing F p (x), F p,p+1 (x) and F p,p(p+1)+1 (x) and comparing their features, one can find a recursive formula to further generalize the above results to all values of d. This leads to an inductive proof of the general case of d ≥ 1 given in next subsection.
The General Case: Null Polynomials modulo p d (d ≥ 1)

Some Definitions and Preliminaries
Definition 15 Assume p is a prime and n ≥ 0. Define an index-sequence as follows:
when n = 0, pI p (n − 1) + 1, when n ≥ 1. An equivalent definition of the above polynomial is as follows.
Definition 17 Assume p is a prime and n ≥ 0. Define a rational polynomial 6 G p,n (x) as follows:
Then, define an integer polynomial by G p,n (x) = p Ip(n) G p,n (x).
In the following, both G p,n (x) and G p,n (x) will be frequently used to achieve a more concise description of the results on polynomials of this kind.
Theorem 28 Assume p is a prime and n ≥ 1. Then, ∀x = ip n + 0 k=n−1 j i p i , where i ∈ Z and j 0 , · · · , j n−1 ∈ {0, · · · , p − 1}, it is true that G p,n (x) = Gp,n(x)
Proof : It is obvious that the result is true when n = 1. Let us use induction on n to prove the general case of n ≥ 2, under the assumption that this theorem is true for any integer less than n.
From the hypothesis, G p,n−1 (x) = (ip+j n−1 ) n−2 k=0 Λ G p,k (x) + A n−1 (x)p +J n−1 (j 0 , · · · , j n−2 ). Then, from the definition of G p,n (x) and Theorem 7, one has
Applying the hypothesis on G p,k (x), one has G p,k (x) = (ip n−k +· · ·+j k ) k−1 l=0 Λ G p,l (x) + A k (x)p +J k (j 0 , · · · , j k−1 ). So, when 0 ≤ k ≤ n − 2, we can get G p,k (x) = ip 2 D k (x) + J * k (j 0 , · · · , j n−1 ) and then Λ G p,k (x) = ip 2 D * k (x) + Λ(J * k (j 0 , · · · , j n−1 )). Thus, moving all terms of p 2 and of high powers of p out of the floor function, one has j n−1 n−2 k=0 Λ G p,k (x) + J n−1 (j 0 , · · · , j n−2 ) p = ipD * (x) + J * n (j 0 , · · · , j n−1 ).
Substituting the above equation into G p,n (x), one immediately has
Λ G p,k (x) + (A n−1 + D * (x))Λ G p,n−1 (x) p + (A n−1 j n−1 + J * n (j 0 , · · · , j n−1 )) Λ G p,n−1 (x) .
Similarly, one has Λ G p,n−1 (x) = ipD * n−1 (x) + Λ(J * n−1 (j 0 , · · · , j n−1 )). Then, g n (x) = i n−1 k=0 Λ G p,k (x) + (A n−1 + D * (x))Λ G p,n−1 (x) p + (A n−1 j n−1 + J * n (j 0 , · · · , j n−1 )) (ipD * n−1 (x) + Λ(J * n−1 (j 0 , · · · , j n−1 ))) = i n−1 k=0 Λ G p,k (x) + (A n−1 + D * (x))Λ G p,n−1 (x) + (A n−1 j n−1 + J * n (j 0 , · · · , j n−1 ))D * n−1 (x) p + (A n−1 j n−1 + J * n (j 0 , · · · , j n−1 ))Λ(J * n−1 (j 0 , · · · , j n−1 )).
Assigning A n (x) = ((A n−1 + D * (x))Λ(g n−1 (x)) + (A n−1 j n−1 + J * n (j 0 , · · · , j n−1 ))D * n−1 (x)) and J n (j 0 , · · · , j n−1 ) = (A n−1 j n−1 + J * n (j 0 , · · · , j n−1 ))Λ(J * n−1 (j 0 , · · · , j n−1 )), one immediately gets
Thus, this theorem is proved.
The above theorem immediately derives the following corollaries.
Corollary 16
Assume p is a prime and n ≥ 1. Then, ∀i ∈ Z and j ∈ {0, · · · , p n − 1}, it is true that G p,n (ip n + j) ≡ (−1) n i + J n (j) (mod p).
Corollary 17 Assume p is a prime and n ≥ 1. Then, ∀j ∈ {0, · · · , p n − 1}, G p,n (ip n + j) forms a complete system of residues modulo p when i runs through a complete system of residues modulo p.
Corollary 18 Assume p is a prime and n ≥ 1. Then, ∀i ∈ Z and ∀j ∈ {0, · · · , p n+1 − 1}, G p,n (ip n+1 + j) ≡ G p,n (j) (mod p), i.e., G p,n (x) forms a periodic function modulo p of period p n+1 .
Specially, when j 1 = · · · = j n−1 = 0, we have a much simpler (but not so useful as one can see later) form of the above results.
Theorem 29 Assume p is a prime and n ≥ 1. Then, ∀x = ip n + j, where i ∈ Z and j ∈ {0, · · · , p − 1}, it is true that G p,n (x) = i n−1 k=0 Λ G p,k (x) .
Proof : Let us use induction on n to prove this lemma. When n = 1, one can easily get G p,1 (x) = Fp(ip+j) p = iΛ(x). Then, assuming this lemma is true for any integer less than n, let us prove the case of n ≥ 2. From the definition of G p,n (x), one has G p,n (x) = Fp( Gp,n−1(ip n +j)) p = Fp(ip n−1 j=1 Λ(cj )) p = ip
Thus, this lemma is proved.
Corollary 19
Assume p is a prime and n ≥ 1. Then, ∀i ∈ Z and j ∈ {0, · · · , p − 1}, G p,n ≡ (−1) n i (mod p).
Lemma 27 Assume p is a prime and n ≥ 1. Then, G p,n (x) is a monic null polynomial of degree p n modulo p Ip(n) , but not a null polynomial modulo p Ip(n)+1 .
Proof : The second part of this lemma is a straightforward result of Corollary 19, since G p,n (ip n +j) ≡ (−1) n ip Ip(n) ≡ 0 (mod p Ip(n)+1 ) when i ≡ 0 (mod p).
The first part of this lemma can be proved via induction on n. When n = 1, the result is obviously true. Let us consider the case of n ≥ 2. Following the definition of G p,n (x), one has Gp,n(x)
Gp,n−1(x) p Ip (n−1) − i . From the hypothesis, G p,n−1 (x) is a null polynomial modulo p Ip(n−1) , so Gp,n−1(x) p Ip (n−1) ∈ Z and then Gp,n(x) p Ip (n)−1 is a null polynomial modulo p. This means G p,n (x) is a null polynomial modulo p Ip(n) . In addition, it is obvious that deg(G p,n , p Ip(n) ) = p · deg(G p,n−1 , p Ip(n−1) ) = pp n−1 = p n . Thus this lemma is proved.
Corollary 20 Assume p is a prime, e 1 , · · · , e n ≥ 1 and d = n i=1 e i I(i). Then, f (x) = n i=1 (G p,i (x)) ei is a monic null polynomial modulo p d .
Proof : This corollary can be easily derived from the above lemma.
Definition 18 Assume p is a prime and d ≥ 0. Define a polynomial sequence {H p,d (x) = ∞ i=1 (G p,i (x)) e d,i } d≥0 , where 0 ≤ e d,i ≤ p, in the following recursive way:
, when d ≥ 1 and ∃i such that e d−1,i = p, e d−1,1 = · · · = e d−1,i−1 = 0.
One can easily verify that in each polynomial defined in the above rule, there exists at most one exponent that satisfies e d,i = p and all exponents after this exponent are zeros. Denote max ∞ i=1 (e d,i ), i.e., the maximal exponent of H p,d (x), by E max (H p,d ) .
Apparently, H p,d (x) is an analog of an integer represented with radix p + 1, except that the last non-zero exponent of the former may be p. So we define a numeric representation of H p,d (x) with floating radix.
Definition 19 The numeric representation of a polynomial H
where the subscript "I p " denotes the floating radix of H p,d as an integer. We call e d,i the i-th digit of the polynomial. If H p,d = (e i2 , · · · , e i1 ) Ip = i2 i=i1 e d,i I p (i), where 1 ≤ i 1 ≤ i 2 , we say i 2 is the digit length and e i1 , e i2 are the LSD (least significant digit) and MSD (most significant digit) of the polynomial, respectively. Proof : It is obvious that the digit length of H p,d (x) is finite, since d is finite. Assume H p,d (x) = n i=1 (G p,i (x)) di . Then, consider two different cases. When E max (H p,d ) ≤ p − 1, deg(H p,d+1 , p) = deg(H p,d , p) + p > deg(H p,d , p). When E max (H p,d ) = p, i.e., ∃i such that e d,i = p and e d,1 = · · · = e d,i−1 = 0, deg(H p,d+1 , p) = deg(H p,d , p) since deg(G p,i+1 (x), p) = deg((G p,i (x)) p , p) = pI(i). Thus this lemma is proved.
Lemma 29 Assume p is a prime and d ≥ 1. Then, H p,d (x) is a monic null polynomial modulo p d .
Proof : Let us use induction on d to prove this lemma. When n = 1, it is obviously true. Assuming it is also true for any integer less than d, consider the case of d ≥ 2.
When
., ∃i such that e d−1,i = p and e d−1,1 = · · · = e d−1,i−1 = 0,
is a null polynomial modulo p (d−1)−pI(i)+pI(i)+1 = p d and this lemma is proved.
Theorem 30 Assume p is a prime and d ≥ 1. Then, H p,d = d.
Proof : This theorem can be proved in the same way as the above theorem.
Main Results
Theorem 31 Assume p is a prime, n ≥ 1. If
ei q e1,··· ,en (x) ≡ 0 (mod p) holds for any integer x ∈ Z, then ∀e 1 , · · · , e n ∈ {0, · · · , p − 1}, q e1,··· ,en (x) is a null polynomial modulo p.
Proof : Assuming x = ip n + 0 k=n−1 j k p k ∈ Z, where i ∈ Z and j 0 , · · · , j n−1 ∈ {0, · · · , p − 1}, let us prove this theorem via induction on n.
When n = 1, one has x = ip + j 0 and G p,1 (x) ≡ −i (mod p), and then
Consider the polynomial f (y) = 0≤e1≤p−1 q e1 (j 0 )y e1 , one can see that f (y) ≡ 0 (mod p) for any integer y = −i ∈ Z. That is, f (x) is a null polynomial modulo p. Since deg(f, p) < p, one immediately derives that q e1 (j 0 ) ≡ 0 (mod p) for any integer j 0 ∈ {0, · · · , p − 1}. That is, ∀e 1 ∈ {0, · · · , p − 1}, q e1 (x) is a null polynomial modulo p.
When n ≥ 2, assume this theorem is true for any integer less than n. From Corollary 18, G p,i (x) forms a function modulo p of period p i+1 . So, assuming x * = x mod p n = 0 k=n−1 j k p k , one has
From Corollary 17, ∀x * ∈ {0, · · · , p n − 1}, if i runs through a complete system of residues modulo p, then G p,n (x) forms a complete system of residues modulo p. This means that the polynomial
is congruent to 0 modulo p for any integer y ∈ Z. Then, from deg(f, p) < p, one immediately derives that
holds for any integer x * ∈ {0, · · · , p n − 1} and e n ∈ {0, · · · , p − 1}. Now the value of n is reduced to be n − 1, so one can use the hypothesis for each e n ∈ {0, · · · , p − 1} to get the result: ∀e 1 , · · · , e n ∈ {0, · · · , p − 1}, q e1,··· ,en (x) is a null polynomial modulo p. Thus, this theorem is proved.
Theorem 32 Assume p is a prime and d ≥ 1. Then, H p,d (x) is a least-degree monic null polynomial modulo p d .
Proof : Let us prove this theorem via induction on d. The case of d = 1 has been proved above. Next, under the assumption that this lemma is true for any integer less than d, let us prove the case of d ≥ 2. Consider the following two different cases.
is of degree less than p except q d−1 (x) and q j (x) = 0 if E max (H p,j ) = p (Lemma 28). In other words, each exponent of the effective polynomial H p,j (x) satisfies 0 ≤ e j,i ≤ p − 1. Then, from f (x) ≡ 0 (mod p d ) holds for any integer x, dividing both sides by p d−1 , one has 1 j=d−1 Hp,j (x) p j q j (x) + q 0 (x) ≡ 0 (mod p), where d j is the sum of all exponents of H p,j (x). So we know that 0≤e j,k ≤p−1 0≤k≤n n k=1 G p,k (x) e j,k q e1,··· ,en (x) ≡ 0 (mod p) holds for any integer x, where n is the maximum of the digit lengths of H p,j for j ∈ {1, · · · , d − 1}. Then, from Theorem 31, one immediately gets ∀e j,1 , · · · , e j,n ∈ {0, · · · , p − 1}, q e1,··· ,en (x) is a null polynomial modulo p. That is, ∀j ∈ {1, · · · , p − 1}, q j (x) is a null polynomial modulo p. Then, choosing p Combining the above two cases, this theorem is thus proved.
Lemma 30 Assume p is a prime and d ≥ 1. Then,
Proof : It is a direct result of the above theorem and Lemma 28.
Corollary 21 Assume p is a prime and d ≥ 1. Then, p | ω 1 (p d ).
Proof : It is an obvious result of the above theorem.
Lemma 31 Assume p is a prime and n ≥ 1, then ω 1 (p Ip(n) ) = p n .
Proof : It is a direct result of Theorem 32 and Lemma 27.
Theorem 33 Assume p is a prime and d ≥ 1. If H p,d = (e d,n , · · · , e d,1 ) Ip , then
Proof : It is a straightforward result of the above lemma and the definition of H p,d (x).
Algorithm 1 From the above theorems and d = H p,d = 1 i=n e d,i I p (i), one can derive an effective algorithm to determine all digits of H p,d = (e d,n , · · · , e d,1 ) Ip , and then determine H p,d (x) and the value of ω 1 (p d ) for any given d ≥ 1. The algorithm can be described in the following steps.
• Step 1: find the integer n ≥ 0 such that I p (n) ≤ d < I p (n + 1) by calculating n = ⌈log p (d(p − 1) + 1)⌉ − 1;
• Step 2: assign d (n) = d, and then for i = n ∼ 2, calculate e d,i = ⌊d i /I p (i)⌋, d (i−1) = d i − e d,i I p (i) and goto
Step 3 if d (i−1) = 0;
• Step 3: assign e d,1 = d (i−1) ; 
Enumerating All Null Polynomials modulo p d (d ≥ 1)
Based on the fact that H p,d (x) is a least-degree monic null polynomial modulo p d , one can enumerate all null polynomials of (less than) a given degree modulo p d .
Theorem 34 Assume p is a prime and d ≥ 1. A polynomial f (x) is a null polynomial modulo p d if and only if
is an arbitrary polynomial of arbitrary degree modulo p;
• when j < d, q j (x) = 0 if E max (H p,j ) = p;
• all other polynomials are arbitrary polynomials of degree less than p modulo p. Explain: It can be easily derived from Theorem 32, following the theorems on null polynomials modulo p d when 1 ≤ d ≤ p(p + 1) + 1 (given in the previous subsection).
The above theorem makes it possible to calculate the number of (monic) null polynomials of a given degree modulo p d , which may be useful in some real applications. For example, through the following theorem, the number of (monic) null polynomials is actually the number of equivalent polynomials modulo m. This can be further used to estimate the number of distinct polynomial functions of some kind modulo m, once the number of candidate polynomials of this kind have been known. Definition 20 In a complete system of polynomial residues modulo p d , denote the number of null polynomials of degree n by N np (n, p d ) and the number of monic null polynomials of degree n by N mnp (n, p d ). Similarly, denote the number of null polynomials of degree ≤ n by N np (≤ n, p d ) and the number of monic null polynomials of degree ≤ n by N mnp (≤ n, p d ). Here, the subscript "np" means "null polynomials" and "mnp" denotes "monic null polynomials".
It is obvious that N np (n, p d ) = N np (≤ n, p d ) − N np (≤ n − 1, p d ) and N mnp (n, p d ) = N mnp (≤ n, p d ) − N mnp (≤ n − 1, p d ). So, in the following we mainly focus on N np (≤ n, p d ) and N mnp (≤ n, p d ).
Theorem 36 Assume p is a prime, d ≥ 1 and n < ω 1 (p d ), then N mnp (n, p d ) = N mnp (≤ n, p d ) = 0.
Proof : It is a straightforward result of the definition of ω 1 (p d ).
Theorem 37 Assume p is a prime and d ≥ 1, then N mnp (ω 1 (p d ),
Proof : The first equality is obvious since N mnp (≤ ω 1 (p d ) − 1, p d ) = 0. The second equality holds due to the following fact: from Theorem 34, q d (x) ≡ 1 (mod p d ) in a monic null polynomial of degree ω 1 (p d ), while q d (x) ≡ 0 (mod p d ) in a null polynomial of degree ≤ ω 1 (p d ) − 1 (all other coefficients are free in both cases).
Theorem 38 Assume p is a prime, d ≥ 1 and n = ω 1 (p d ) + n * , where n * ≥ 0. Then, it is true that N mnp (n, p d ) = p dn * N mnp (ω 1 (p d ), p d ) and N mnp (≤ n, p d ) = p d(n * +1) −1
Proof : From Theorem 34, to get a monic null polynomial of degree n modulo p d , the highest coefficient of q d (x) must be congruent to 1 modulo p d and all other coefficients can be freely assigned. This means that N mnp (n,
Theorem 39 Assume p is a prime, d ≥ 1 and n = ω 1 (p d )+n * , where n * ≥ 0, then N np (≤ n,
Proof : From Theorem 34, to get a monic null polynomial f (x) of degree n modulo p d , q d (x) should be a monic polynomial of degree n − ω 1 (p d ) modulo p d ; and to get a null polynomial f (x) modulo p d , q d (x) can be arbitrary polynomial of degree ≤ n − ω 1 (p d ) modulo p d . In other words, for the former case, the highest coefficient a n must be congruent to 1 modulo p d , while for the latter case, a n can be any value modulo p d . Considering other n − 1 coefficients can be freely assigned for both cases, one immediately gets N np (≤ n, p d ) = p d N mnp (n, p d ). In a similar way and from the above theorem, we can get N np (≤ n, p d ) = p d(n * +1)
Remark 5 In the above theorems, note that when p d is relatively large, we have N np (≤ n, p d ) ≈ p d N mnp (≤ n, p d ) and N mnp (≤ n, p d ) ≈ N mnp (n, p d ). This means that N mnp (n, p d ) ≫ N mnp (≤ n − 1, p d ) in this case.
Theorem 40 Assume p is a prime, d ≥ 1 and n = ω 1 (p d )) + n * , where n * ≥ 0. Then, N np (≤ n, p d ) = p d(n * +1) N np (≤ ω 1 (p d ) − 1, p d ).
Proof : From Theorem 34, for each polynomial counted in N np (≤ ω 1 (p d ) − 1, p d ), there are p d(n * +1) possibilities of q d (x) modulo p d .
From the above theorem, one can only consider the value of N np (≤ n, p d ) when 1 ≤ d ≤ ω 1 (p d ) − 1.
Theorem 41 Assume p is a prime, d 1 , d 2 ≥ 1 and n < min(ω 1 (p d1 ), ω 1 (p d2 )). Then, N np (≤ n, p d1 ) = N np (≤ n, p d2 ).
Proof : It is a straightforward result of Theorem 34, since q j (x) can be freely assigned any value modulo p j for j < min(ω 1 (p d1 ), ω 1 (p d2 )).
Corollary 22
Assume p is a prime, d ≥ 1 and n < ω 1 (p d ). If E max (H p,d ) = p, then N np (≤ n, p d ) = N np (≤ n, p d+1 ).
Proof : It is result of the above theorem and the fact that ω 1 (p d ) = ω 1 (p d+1 ). The above sequence N (n) has an alternative (actually equivalent) definition via addition (not product). In the following, we use both of the two definitions to achieve a more concise description of related results.
Definition 22
Assume p is a prime and n ≥ 1. Define an integer sequence N p (n) as follows:
Then, define N (n) p = p Np(n) . Specially, N p (2) = p 2 (p−1) . Note that (n− 1)p n − np n−1 + 1 = ((n − 1)p n−1 − (p n−2 + · · · + 1))(p − 1), so one has N p (n) = p 2 ((n−1)p n−1 − n−2 i=0 p i ) 2 = p 2 ((n−1)p n−1 −Ip(n−1)) 2
. Thus this lemma is proved.
Lemma 33 Assume p is a prime and n < p, then N np (≤ n, p d ) = 0.
Proof : Obvious.
Lemma 34 Assume p is a prime, 1 ≤ d ≤ p and ip ≤ n < (i + 1)p, where i ∈ {1, · · · , d − 1}. Then N np (≤ n, p d ) = Corollary 23 Assume p is a prime, then N np (≤ ω 1 (p Ip(2) ) − 1, p Ip(2) ) = p p 2 (p−1) 2 = N p (2).
Proof : It is a result of the above lemma and the fact that ω 1 (p p+1 ) = ω 1 (p p ).
Theorem 42 Assume p is a prime and n ≥ 1. Then, N np (≤ ω 1 (p Ip(n) ) − 1, p Ip(n) ) = N p (n).
Proof : Let us prove this theorem via induction on n. The case of n = 1 is obvious and the case of n = 2 has been proved above. Next, assume this theorem is true for any integer less than n, let us prove the case of n ≥ 3. From Theorem 34, f (x) ≡ 1 j=d p d−j H p,j (x)q j (x) (mod p d ). When d = I p (n), we can rewrite this congruence as follows: f (x) ≡ G p,n (x)q Ip(n) (x) + 0≤e d,i ≤p−1 1≤i≤n−1 p d−j(e d,1 ,··· ,e d,n−1 ) n−1 i=1 (G p,i (x)) e d,i q j(e d,1 ,··· ,e d,n−1 ) (x) (mod p d ),
where j(e d,1 , · · · , e d,n−1 ) = n−1 i=1 e d,i I(i). Let us divide all the q-polynomials, excluding q Ip(n) (x), into p parts, each of which corresponds to a distinct value of e d,n−1 . Then, factor out p e d,n−1 I(n−1) (G p,i (x)) e d,n−1 from each part, one gets 0≤e d,i ≤p−1 1≤i≤n−2 p d−j(e d,1 ,··· ,e d,n−2 ) n−2 i=1 (G p,i (x)) e d,i q j(e d,1 ,··· ,e d,n−2 ) (x), where j(e d,1 , · · · , e d,n−2 ) = n−2 i=1 e d,i I(i). Apparently, the number of all possibilities of the q-polynomials in the above equation is equal to N np (≤ ω 1 (p I(n−1) )− 1, p I(n−1) ) = N p (n − 1) from the hypothesis. Then, one immediately has N np (≤ ω 1 (p Ip(n) ) − 1, p Ip(n) ) = p−1 e d,n−1 =0 p e d,n−1 Ip(n−1) p N p (n − 1) = N p (n).
Definition 23 Assume p is a prime, n ≥ 1 and 0 ≤ i ≤ p. Define a two-index generalization of N p (n) as follows:
(p jIp(n) ) p N p (n) = p pi(i−1)Ip (n) 2 (N p (n)) i .
Specially, N p (n, 0) = 1, N p (n, 1) = N p (n) and N p (n, p) = N p (n + 1).
Definition 24
Similarly, define an two-index generalization of N p (n) by N p (n, i) = i−1 j=0 (jI p (n)p + N p (n)) = pi(i − 1)I p (n) 2 + i N p (n) = log p (N p (n, i)) .
Specially, N p (n, 0) = 0, N p (n, 1) = N p (n), and N p (n, p) = N p (n + 1).
Theorem 43 Assume p is a prime, n ≥ 1 and d = iI(n), where 1 ≤ i ≤ p. Then, N np (≤ ω 1 (p d )− 1, p d ) = N p (n, i).
Proof : Following the same idea used in the proof of the above theorem, one has N np (≤ ω 1 (p d ) − 1, p d ) = i−1 e d,n−1 =0 (p e d,n−1 Ip(n) ) p N (n) = p pi(i−1)Ip (n)(N (n)) i 2 = N p (n, i).
Theorem 44 Assume p is a prime and d ≥ 1. If H p,d = (e d,n , · · · , e d,1 ) Ip , then N np (≤ ω 1 (p d ) − 1, p d ) = N p (n, e d,n ) + Proof : This theorem can be easily proved following the same idea used in the proofs of the above theorems. At first, we enumerate the number of q-polynomials after (G p,n (x)) e d,n , which is N p (n, e d,n ) from the above theorem. Then, we enumerate the q-polynomials occurring between (G p,n (x)) e d,n and (G p,n (x)) e d,n (G p,n−1 (x)) e d,n−1 , which is p e d,n Ip(n) p N p (n − 1, e d,n−1 ). Note that when e d,n−1 = 0 this number is still valid, though this case is not covered by the above theorem. Repeat this procedure until all q-polynomials (excluding q d (x)) are enumerated, we immediately proves this theorem.
Proof : Since x k and k! x k are both monic polynomials of degree k, we can divide f (x) by {x k } 0 k=n to get the first form and divide it by k! x k to get the second form.
Lemma 37 (Lemma 3 in [3]) In the above lemma, if c k (k ∈ {0, · · · , n}) are integers, then a k /k! and therefore a k , are integers.
Proof : Comparing coefficients of the two forms of f (x), this lemma is immediately proved.
Lemma 38 (Lemma 4 in [3]) In the above lemma, if f (x) is a null polynomial modulo m, then a k ≡ 0 (mod m) for k ∈ {0, · · · , n}.
Proof : A straightforward result of the above lemma.
Lemma 39 (Lemma 5 in [3] ) For a given modulus m, the integer polynomial f (x) = µ(m)−1 i=0 (x − i) is a monic least-degree null polynomial modulo m, i.e., ω 1 (m) = µ(m).
Proof : Assume f (x) is a null polynomial modulo m. Then, from the above lemmas
where a k are integers. To ensure f (x) is a monic polynomial, man n! = 1, so m | n!. From the definition of µ(m), we immediately have n ≥ µ(m). Thus this lemma is proved.
The above proof gives a different (slightly simpler than us) least-degree monic null polynomial modulo m. In § §1 of [3] , Kempner discussed how to calculate the value of µ(m) for different cases. When m = p d and d ≥ p, he introduced an algorithm to calculate the value of µ(m), which is actually the same as the one given in Algorithm 1 of this paper.
In addition, based on the above null polynomial, Kempner developed a set of "completely reduced polynomials" modulo m and investigated related problems about such completely reduced polynomials. For more details, refer to Kempner's original work [3, 4] .
